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Abstract. Given a compact manifold N" C K'^, s > 1 and 1 < p < co, 
we prove that the class C°°{Q ; N") of smooth maps on the cube with val- 
ues into A'" is strongly dense in the fractional Sobolev space W'''''{Q"^; N") 
when Af" is [spj simply connected. For sp integer, we prove weak density of 
C°°(Q ; Af") when A" is sp — 1 simply connected. The proofs are based on 
the existence of a retraction of R'' onto A" except for a small subset of A" 
and on a pointwise estimate of fractional derivatives of composition of maps 
in W'P n VK^'^P. 



1. Introduction 

In this paper we discuss results and open questions related to the density of 
smooth maps in Sobolev spaces with values into a manifold. For this purpose, let 
iV" be a compact manifold of dimension n imbedded in the Euclidean space R"^. 
For any s > and I < p < +oo, we define the class of Sobolev maps defined on the 
unit m dimensional cube with values into A^", 

W'PiQ'^-^N") = {ue W^'*'f(g'";R'') : u G iV" a.e.}. 

When s = fc is an integer, W'''P{Q"^;M.'^) is the standard Sobolev space equipped 
with the norm 

k 

\\u\\w^.PiQ^) = \\u\\LPiQ"^) + ^\\D^u\\LP(^Q^y 

When s is not an integer, s = k + a with fc € N and < cr < 1. In this case, by 
u e W'^PiQ'^-^W) we mean that u e VF'='P(Q'"; R") and 

rnfc 1 f f f \D^u{x) - D''uiy)\P ^ ^ Y^"" 
[7^^^]^...(Q,„) =[J J |^„^|,n+.p da:d^j < +00, 

and the associated norm is given by 

fc 

I!w||w=-P(Q-) = I|w||lp(Q'") +J2\\D^^\\lp(Q^) + [D''u]w''.p(Q^)- 

The fractional Sobolev spaces W'''P{Q"''; M'') arise in the trace theory of Sobolev 
spaces of integer order. For example, the trace is a continuous linear operator from 
W^-'PiQ"';W) onto W^^p'P {dQ"^;W) [11, Theorem l.I]. 

We first address the question of strong density of smooth maps: given u S 
T4^'''P((3™; iV"), does there exist a sequence in C°°{Q ;iV") which converges to u 
with respect to the strong topology induced by the W'P norm? 



Key words and phrases. Strong density; weak density; Sobolev maps; fractional Sobolev spaces; 
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A naive approach consists in applying a standard regularization argument. This 
works well for maps in W'P{Q'^;R'') and shows that C°°{Q"';W) is strongly dense 
in that space. When M.'^ is replaced by TV", the conclusion is less clear since the 
convolution of a map u G iV") with a smooth kernel (pt yields a map with 

values in the convex hull of iV". In this case, one might try to project (pt * u into 
the manifold TV". This is indeed possible for sp > m. 

If sp > m, then by the Morrey-Sobolev imbedding, is continuously imbed- 

ded into C°. Thus, every map u £ ^'^{Q"^; N") has a continuous representative 
and ipt * u converges uniformly as t tends to zero. In particular, 

(1.1) lim sup dist(^t*u(a;),7V") =0. 

Hence, one may project Lpt * u back to iV" since the nearest point projection 11 is 
well defined and smooth on a neighborhood of . 

If sp — m, then the Morrey-Sobolev imbedding fails but property (|l.ip remains 
true since W^^^ injects continuously into the space VMO of functions with vanishing 
mean oscillation. This fact has been observed by Schoen and Uhlenbeck f30]. 

We may summarize as follows: 

Theorem 1. If sp > m, then C°°(Q'";iV") is strongly dense in W'^iQ""; N"-). 

The case where sp < m is more subtle and the answer depends on the topology 
of iV". Even when TV" is the unit sphere S" the approximation problem is not fully 
understood. For instance, consider the map u : ^ defined by 



Then, u € W'P{B^:§'^) for every s > and p > I such that sp < 3, but u 
cannot be strongly approximated in W^'^ by smooth maps with values into §^ 
when 2 < sp < 3. This example originally due to Schoen and Uhlenbeck for 
s = 1 can be adapted to the case where is replaced by any compact manifold 
TV" and for any value of s [S] Theorem 3;"IT, Theorem 4.4]. 

Theorem 2. If sp < m and Tr^^pj (A^") ^ {0}, then (Q'"' ; N"-) is not strongly 
dense m W^^^p(Q"; TV"). 

It seems that the topological condition Tr^spj (TV") {0} is the only obstruction 
to the strong density of smooth maps in W'^lQ"^; TV"). This is indeed true when 
s is an integer by a remarkable result of Bethuel [3] Theorem 1;[TBJ for s = 1 which 
has been recently generalized by the authors [6, Theorem 4] for any s G N (see also 

my- 

Theorem 3. Let s e N,. If sp < m and 7rL,pj(TV") = {0}, then C°° {Q"" ; N'') is 
strongly dense in I^'''P(Q"; TV"). 

Some cases of non-integer values have been investigated. For instance when 
s=l — 1/pin the setting of trace spaces (UdS] and also when s > 1 and TV" = S" 
[S1[S|. Brezis and Mironescu [S] have announced in a personal communication a 
solution to the question of strong density for any < s < 1. 

All these cases give an affirmative answer to the following: 

Open Problem 1. Let s ^ N*. If sp < m and Tr^spj (TV") = {0}, is it true that 
C°°(Q"; A") is strongly dense in I^'''P(Q™; A^")? 

In this paper, we investigate Open problem [T] for £ simply connected manifolds 



(1.2) 7ro(A^") = --- = 7r,(A^") = {0}. 

We prove the following: 
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Theorem 4. Let s > I. If sp < m and if N'^ is \_sp\ simply connected, then 
C°°{Q"';N'^) is strongly dense m Vl^"'P(Q'"; TV"). 

Even in the case where s is an integer — which is covered in fuh generahty by 
Theorem [3] — the proof is simpler and has its own interest. We have been inspired 
by Hajlasz [H] who has proved Theorem U for s = 1. 

Our proof of Theorem |4] is based on two main ingredients. The geometric tool 
fProposition l2.ip gives a smooth retraction of the ambient space W onto TV" except 
for a smaU subset of A^". The analytic tool (Proposition 12. 6p gives a pointwise 
estimate of the fractional derivative oi r] o u, where 77 is a smooth map and u is a 
W'P map. 

The counterpart of Theorem |4] for < s < 1 requires different tools and will be 
investigated in a subsequent paper. 

The second problem we adress in this paper concerns the weak density oiC°°{Q ; A^" ) 
inM^'''P(Q"^;iV"): givenu £ PF'''P(Q"; iV"), does there exist a sequence in C°°(g'"; iV") 
which is bounded in W^'P{Q"^; A^") and converges to u in measure? 

The case sp > m has an affirmative answer due to the strong density of smooth 
maps. When sp < m, we find the same topological obstruction as for the strong 
density problem when sp is not an integer [3, Theorem 3]: 

Theorem 5. If sp < m is such that sp ^ N and if C°° {Q^"^ ; N""^) is weakly dense 
in M^'''P(Q"; iV"), then ir^.p^ (iV") = {0}. 

From Theorem [21 it follows that for every s G such that sp ^ N the problems 
of weak and strong density of smooth maps in W'''P{Q™'; N^) are equivalent. We 
expect the same is true for s ^ N. 

The conclusion of Theorem[S]need not be true when sp is an integer. For instance, 
by a resuh of Bethuel Theorem 3], C°°(Q^; S^) is weakly dense in W^'^{Q^; S^), 
even though it is not strongly dense by Theorem [2] 

As a byproduct of the tools we use to prove Theorem^ we establish the following: 

Theorem 6. Let s > 1. If sp < m is such that sp G N and if N"' is sp — 1 simply 
connected, then C°° (Q'" ; N"") is weakly dense in H/"'P(Q'"; TV"). 

This result is due to Hajlasz [Ml Corollary 1] when s = 1; Hajlasz's argument 
still applies for p ^ I although it is not explicitly stated in his paper. More recently, 
Hang and Lin [17, Corollary 8.6] proved an analogue of Theorem [HI under a weaker 
topological assumption for s = 1. To our knowledge, the only result concerning 
weak density of smooth maps for non-integer values of s deals with the case s = 1/2, 
p = 2 and N = E>^ and is due to Riviere gSl Theorem 1.2]. 

Combining Theorem [5] and Theorem [HI we deduce that C°°{Q ;§") is weakly 
dense but not strongly dense in W'''P{Q"^; S") for p < m and sp = n. 

When sp G N, we do not know whether C°° (Q™; A^'") is weakly dense in VF'*'P(Q"; iV") 
with no assumption on A"". The only results which are known in this sense concern 
s = 1: for 39 = 1 [IT, Theorem 1.1; Theorem I] and p = 2 [27, Theorem I]. 

2. Main tools 

2.1. Geometric tool. Our first tool is the construction of a retraction of onto 
Af" except for a small subset of A^". This is the only place where the topological 
assumption (jl.2p concerning the i simply connectedness of the manifold A^" comes 
into place. 

Proposition 2.1. If is i simply connected, then for every < e < 1 there exist 
a smooth function rj : W — > A^" and a compact set K C A^" such that 
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in) 
[in) 



for every x £ iV" \ K , ri{x) = x, 

T-V^{K) < Ce^+^, for some constant C > depending on and v, 




ll-D^?7lU-(R-) < — , 



for some constant C" > depending on iV", v and j . 

The set K is chosen as the e neighborhood of an n—£—l dimensional dual skeleton 
of N"^. This proposition is the smooth counterpart of Hajlasz's construction of a 
Lipschitz continuous map rj [21 Section 4]. 

The proof of Proposition 12.11 relies on the existence of a triangulation of the 
manifold A^". It is more convenient to use a variant of the triangulation based on 
the decomposition of N'^ in terms of cubes rather than simplices. 

A cubication T of is a finite collection of closed sets covering A^" of the form 
$(cr) with a € Q such that 
(a) $ : [J <T ^ is a biLipschitz map, 



(6) Q is a finite collection of cubes of dimension m in some Euclidean space R^, 
such that two elements of Q are either disjoint or intersect along a common 
face of dimension i for some £ G {0, . . . , n}. 

Given £ € {0, ...,n}, we denote by the union of all £ dimensional faces of 
elements of T; we call the £ dimensional skeleton of T. 
We recall the following lemma [141 Lemma 1]: 

Lemma 2.2. Let T be a cubication of N^^ and let be the £ dimensional skeleton 
of T . If N"' is £ simply connected, then there exists a Lipschitz continuous function 
rj : M"^ — > A^" such that for every x € T^, rj{x) = x. 

Proof. Let CT^ C M x denote the cone 

{(A, Ax) G K X M'" : A e [0, 1] and a; e T^}. 

Since CT^ is contractible, there exists a continuous map ^ : M"^ — > CT^ such that 
for every x G T^, ^(x) ~ {l,x). 

We may choose ^ to be uniformly continuous. Indeed, if p : R"^ — M"^ is any 
Lipschitz function such that p coincides with the identity on and p is constant 
outside some ball containing T^, then for every x G T^, ^ o = (l,a;) and, in 
addition, ^ op is uniformly continuous. Replacing ^ by ^ op if necessary, we assume 
in the sequel that ^ itself is uniformly continuous. 

Since A^" is £ simply connected, the identity map in A^" is homotopic to a 
continuous map in A^" which is constant on [5^ Section 6]. More precisely, 
there exist a continuous map H : [0, 1] x Af" — >■ A^" and a G A^" such that 

(a) for every x G T^, H{0,x) = a, 

(b) for every x G A^", H{l,x) = x. 

Since H is constant on {0} x T^, H induces a continuous quotient map H : CT^ — > 
A^" defined for every (A, Ax) G CT^ by H{X,Xx) = H{\,x). Then, iJ o ^ is a 
uniformly continuous map with values into A'^" which coincides with the identity 
map on T^. 

Using a standard approximation argument, we may construct a Lipschitz map 
having the same properties. We present the argument for the sake of completeness. 

Given t > 0, let 6* : K'^ [0, 1] be a Lipschitz continuous function supported in 
a neighborhood of such that 

(a') for every x G T^, 6{x) = 1, 

(6') for every x G supp^, \x — H o £,{x)\ < l. 



<J£Q 
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Since Ho^ is uniformly continuous, there exists a Lipschitz approximation h : M.'^ — >■ 
M"" such that for every x €W, 

\h{x) -H oS_{x)\ < L. 

Then, for every x G R"^, 

\H o ^{x) - {eix)x + (1 - 0{x))h{x)) I < i. 

Since H o ^{x) e N'\ it foUows that 

e{x)x + (1 - 0{x))h{x) G Af" + 

where is the cfosed baU in R" of radius l centered at 0. Choosing l such that 
the nearest point projection 11 : TV" + ^ N"^ is weU-defined and smooth, then 
we have the conclusion by taking 77 : M"^ — 5- defined for x S M"^ by 

77(2;) = Il{e{x)x + (1 - e{x))h{x)) . 
The proof is complete. □ 

We shall also use dual skeletons associated to a cubication T given by a map 
<I> : IJ cr — ^ N^. We first define dual skeletons for a cube in M". Let j € {0, . . . , n}. 

When the center of the cube is and the faces are parallel to the coordinate axes, 
the dual skeleton of dimension j is the set of points in the cube which have at 
least n — j components equal to zero. By using an isometry, we can define the 
dual skeleton of a cube of dimension n in in general position. Then, the dual 
skeleton of dimension j of a family Q of cubes as above is simply the union of 
the dual skeletons of dimension j of each cube. Finally, the dual skeleton U of 
dimension j of the cubication T of N" is the image by $ of the j dimensional dual 
skeleton of Q. 

The following lemma implies the homotopy equivalence between the skeleton 
of the manifold TV" and the complement of the dual skeleton i"^^^^ in N". We 
are particularly interested in the pointwise estimates of the homotopy /: 

Lemma 2.3. Let £ e {0, . . . , n — 1}, let T be a cubication of N" and let L"^^^^ be 

the n — £ — 1 dimensional dual skeleton of T. Then, there exists a locally Lipschitz 
continuous function 

f : [0,1] X (/V" \L"-^-i) /V" 

such that 

(i) for every t G [0, 1] and for every x £ , f{t, x) — x, 
(m) for every x € \ L"''^'^, /(O, x) ^ x and /(I, x) e 
(Hi) for every t G [0, 1] and for every x € N" \ L"~^^^ , 

\dtf{t,x)\<c, 

and 

C 

\dxf(t,x)\ < — ; r-TT: 

^ ' - dist(a;,L"-'^~i)' 
for some constants C, C" > depending on n, £, N" and T. 

Proof. We first establish the result when the manifold A^" is replaced by the cube 
[— 1, 1]" and L"^^^^ is the dual skeleton of dimension n — £—l of [—1, 1]". Following 
|32| . we consider for every x G [—1, 1]", 

Ixlf = min maxIxJ. 

Sc{l,...,n} les 

In particular, for every x £ [—1,1]", x G i"^^^^ if and only if \x\t — 0. The 
function x G [—1, 1]" M> \x\g is Lipschitz continuous of constant 1. 
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Let 0£ : [-1, 1]" \ T' be defined for every a; e [-1, 1]" by 

'/'^(a;) = (?/i,...,y„), 

where 

sgnxi if \xi\ > \x\e, 
^Xi/\x\e if \xi\ < \x\i. 

The homotopy / : [0, 1] x ([-1, 1]" \ L""^"!) ^ [-1, 1]" defined by 

f{t,x) = {l-t)x + tMx) 

has the required properties. 

In order to prove the existence of the homotopy / for a general compact manifold 
TV", we perform the above construction in every cube of a given cubication $ : 
U (7 — > TV". If two cubes (Ti and (T2 in Q have a non empty intersection, then the 

creQ 

corresponding maps c/ji^i and (f>£^2 coincide on the common face cri H <72- Hence, we 
can glue together the locally Lipschitz continuous maps obtained for each cube so 
as to obtain a global map /o which is defined on the entire collection of cubes in 
Q. The conclusion follows by taking 

f{t,x) = ^{fo{t,<^>-\x))). □ 
We now prove a counterpart of Proposition 12.11 for a Lipschitz continuous map 

7]-. 

Lemma 2.4. Let £ g {0, . . . , n — 1}, let T be a cubication of and L"^^^^ be 

the n — £ — 1 dimensional dual skeleton of T and let l > be such that the nearest 
point projection 11 onto TV" is smooth on TV" + ■ If TV" is I simply connected, 
then for every < e < 1 there exists a Lipschitz continuous map rj : MJ^ — > TV" such 
that 

(i) r]^Il on (TV" + \ n-i(L"-^-i + B^), 
(ii) for every x £ M.'^ , 

C" 

\Dri{x)\ < . 

e 

for some constant C" > depending on TV", T and v . 



Proof. Let / be the map given by Lemma 12.31 The extension 

/ : ({0} X L"~^~i) U ([0, 1] X (TV" \ V^-^)) N" 

defined by 

|/(t,a;) if < t < 1, 

is continuous. 

Let n be the nearest point projection onto TV" and denote by 11 : R"^ ^> M'' a 
smooth extension of 11. The image of 11 need not be contained in the manifold TV". 
Let B -.W ^ [0, 2] be a Lipschitz continuous function such that 

(a) for every x G TV" + 5f , 6'(x) = 2, 

(6) for every a; G R'' \ (A^" + B^J, Q{x) = 0. 

Given < e < 1, let : TV" + ^ R be defined by 

d,{x) = idist (n(2;),i"-^-i). 

Let A : [0, +oo) — > [0, 1] be a Lipschitz continuous function such that 
(a') for every t < ^ and for every t > 2, X{t) — 0, 
(6') A(l) = 1. 
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Denote by 77 : M'' ^ iV" the function given by Lemma O Let r]:W ^ iV" be 
the map defined by 

{J{X{e{x)d,{x)),U{x)) ifx e N'' +B^^ and 9{x)d^{x) > 1, 
flo7{Xi9{x)d,{x)),n{x)) if a; e N'' + B^^ and 9{x)d^{x) < 1, 
^(n(x)) iix^N'- + Bl. 

We first check that 77 is continuous. For this purpose we only need to consider 
the border fine cases: 

(1) X G iV" + B^^ and e{x)deix) = 1, 

(2) xed{N" + Bl). 

In the first case, since A(l) — 1, /(I, •) S and 77 is the identity map on T^, we 
have 

7{x{eix)d,ix))M^)) =7(i,n(x)) 

= 77(7(1, n(a;))) = 77 o 7{X{0{x)d, {x)), n{x)) . 
In the second case, 9{x) — 0. Since A(0) = and /(O, ■) is the identity map on TV", 

J{x{9{x)d,{x)),u{x)) =n(x) = n(x), 

whence 

77 o 7{X{9(x)d, (x)), U{x)) = ^(n(.x)) . 

We now check that property Q holds. Indeed, if a; e (iV" + 5^ \n"H-^-""^"^ + 
B^), then 9{x) = 2 and d,{x) > 1. Thus, 

X{9{x)d,{x)) = 0. 

We then have 

77(2:)= 7(0, n(a;))=n(x). 

It remains to establish property ([m]). Indeed, if a; ^ A^" + BJ^^^, then 77(0;) = 
77(n(x)) and the conclusion follows since 77 and n(a:) are both Lipschitz continuous, 
with Lipschitz constants independent of e. If x S iV" + i?2t and 9{x)d^{x) < ^, 
then 77(0;) — 7] o n(x) and the estimate follows similarly. Finally, if a; £ iV" + 
and 9{x)d^{x) > i, then 

dist (n(a;),i"-^-i) > |. 
By the chain rule and the estimates given by Lemma 12.31 

'^^(")'^^^0 + dist(n(.U"-^-i) )- 

Combining both estimates, we get the conclusion. The proof of the lemma is 
complete. □ 

We now have all tools to prove Proposition 12. II 

Proof of Proposition \2.1\ Let 1^9 : R"^ — M be a smooth map supported in the unit 
ball ^5^. For every i > 0, let (pt : M'' -J> R be the function defined for a: € E"" by 
ft{x) — j^ip{j). Let t > as in the previous lemma. 

Given < e < 1, let C : M'' — !■ [0, 1] be a smooth function such that 
(a) for every a; e TV" \ (L"-^-i + B^J, C{x) = 1, 
(6) for every x ^ (TV" + B,") \ n-i(L"^^~i + B,^), ((a;) = 0, 
(c) for every j £ N, , 

where Ci > depends on j. 
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Let % : M"^ — > N"" be the Lipschitz continuous map given by the previous lemma 
and let t > to be chosen below. 

By property IQ) and by Lemma 12.41 ^ , the function 

CVe + (1 - OV't * % 

is smooth in R"^ and for every j G N* there exists C2 > such that 



Moreover, by property ([aj) and by Lemma for every x £ N"\ {L" ^ "'^ + -B2e), 

(C'7e + (1 - Ovt * Vt) {x) = %{x) = U{x) = X. 
By Lemma [2.41 (|m|) we have for every t > 0, 



it follows from the previous estimate that the image of (ri^ + ll — Qipt^Ve is contained 
in + Bf. Hence, the function 77 : ^ iV", 

rj^Uo [(rj, + (1 - C)<^t * ile): 
is well-defined and smooth. Property (0 holds with 

Property (jTi]) also holds since i^T is a neighborhood of L""^^^ in whose radius is 
of the order of e. By estimate (12. ip . property is also satisfied. This completes 
the proof of the proposition. □ 

2.2. Analytic tooL In this section we establish pointwise estimates of derivatives 
and fractional derivatives of the map rj o u, where ry is a smooth function and u 
belongs to W^'P fl L°°. In the case where s is an integer, this estimate follows from 
the classical chain rule for higher order derivatives: 

Proposition 2.5. LetkeN^. If u e W'''P{Q"';W) nW^'''P{Q"';W) , then for ev- 
ery smooth map rj : W — !■ R'"' and for every j £ {1, . . . , fc}, there exists a measurable 
function Gj : O — >■ R such that 



(2.1) 




L<-(R-) < tI|i?77e||L=o(is..) < t . 



Taking 




and 




We use the following notation: 




Proof We first observe that r] o u £ W^'P{Q"^;'R.'^). By the chain rule. 



\D^ {-n o u){x)\ < CiY,\D'vHx))\ \D*'u{x)\---\D'^u{x) 




<CMcHRnYl E \D'^u{x)\---\D'^uix)\. 



i=i i<ti< - <ti<j, 
ti+---+ti=j 
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Let 



j=l l<ti< - <ii<j, 
ti+---+U=j 

Since the map u in the statement belongs to W''-p{Q"';R'') n W^1''=p(Q"; R"^), it 
follows from the Gagliardo-Nirenberg interpolation inequality [T^lIM] that 

By Holder's inequality, we deduce that Gj G LP(Q™). □ 

We now establish a counterpart of the previous proposition for the fractional 
derivative introduced by Maz'ya and Shaposhnikova [21]. More precisely, given 
0<cr<l,l<p<+cxD,a domain C M™ and a measurable function u : ft -^M.'^ , 
define for a; G fi. 



Si 

We extend this definition for any s > such that s ^ N as follows: 

D'^Pu = D''P{D''u), 

where k = [sj is the integral part of s and a — s — \_s\ is the fractional part of s. 
Using this notation, we have 

[D''u]w''.p(n) = \\D'^Pu\\LP^n)- 

Proposition 2.6. Let s > 1 be such that s N. Ifu e W'''P{Q"';W)nW^''P{Q"'; W), 
then for every smooth map rj : W — > there exists a measurable function H : 
^ R such that 

\D^-'P{vou)\<[riVc>'+Hm4'^]'cH^.^->H 

and 

\\H\\lp{Q"-} < C, 

for some constant C > depending on s, p, m, \\u\\]n/s,p(^Q,n-^ and 3p(q™) . 

This proposition implies a theorem of Brezis and Mironescu [8^ Theorem 1.1] 
concerning the boundedness of the composition operator from W'P D W^ '^p into 
W^'P. A more elementary proof of the same result has been provided by Maz'ya 
and Shaposhnikova [21] ; our proof of Proposition 12.61 is based on their strategy. 

We begin with the following pointwise estimate of Maz'ya and Shaposhnikova pTl 
Lemma] : 

Lemma 2.7. Let q>l. If v e VKi),;''(M™; M''), then for x G R", 

[D^^Hix))" < C{M\Dv\''{x)Y {M\v\'i{x)Y~'" , 

for some constant C > depending on m and q. 

The maximal function associated to a nonnegative function / G L\^^{W^) is 
defined for x G R™ by 



Mfix) = sup [ f. 



For completeness, we prove Lemma 12.71 using a property of the maximal function 
due to Hedberg [Tni Lemma]: 
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Lemma 2.8. Let f G Ll^^{M."^) be a nonnegative function and let 5 > Q. For every 
X e M™ and p > 0, 

^^^^ —dy<Cp'Mf{x), 



\y-x 

B^(x) 



f f(y) ay<^Mfix) 

J \y - x\"^+^ 



VL-r^\B-^{x) 

for some constant C > depending on m and S. 

Proof. We briefly sketch the proof of Hedberg for the first estimate. The proof of 
the second one is similar. One has 



fiy) 



u F — y\ 



< Cip* J2 "^'^"Mfix) < C2P^Mf{x). □ 



1=0 



Proof of Lemma \2. 71 Let p > 0. By Hardy's inequahty [20l Section 1.3], 



J \x - y\"'-^^-'^^i 

B^{x) B^{x) 

Thus, by Hedberg's lemma, 

M£il-^dy<C,p(i-)«A^|i?.r(x). 

\X - « - \ \ \ J 

B^ix) 

Since 

\v{x)-v{y)\^ <C3{\v{x)\'^ + \v{y)\^), 
by an explicit integral computation and by Hedberg's lemma, 

/ nS^^^ < + Mmx)) < ^M\v\^ix) 

We conclude that 



{D''''iv{x)y < C2p'-^-''^'^M\Dv\'^{x) + ^X|t>|?(x). 



Minimizing the right-hand side with respect to p, we deduce the pointwise estimate. 

□ 

The following lemma is implicitly proved in [21, Section 2]: 

Lemma 2.9. Let < a < I, I < p < +oo and i G N, . If for every a G {1, . . . , i}, 

Va G L9°(M") and Dva e L^"(R"'), where l< r^ < Qa and 

1 — CT a v"^ 1 1 

+ — + 2^ — = 
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then U W'PiR"^) and 



«=1 a=l ^ /3=1 

for some constant C > depending on m, a, ri, . . . , Vi, qi, . . . , qi. 

Proof. We first consider the case of dimension m = 1. Note that 
(2.2) 

a=l a=l 

Thus, the left-hand side is bounded from above by a sum of functions of the form 

IJx) \Va{x) - (y) I /„(?;)• 

By the Fundamental theorem of Calculus, for every x, y S M, 
\va{x) - Vc,{y)\ < 2\x - y\MK\{x). 

Thus, for every p > 0, 

f \Va{x) - Vaiy)\P , /^/A^l '\r \\P f Ua{y)Y , 

j \x-y\^+-p {fa{y)Y^y<Cr{M\v^\{x)) J ^— p^^dy. 

By Hedberg's lemma, we get 

'''|l;l^|i:i!^'' (7^(^))^dy < C,p^'-^^P{MK\ix)rM{7j%x). 

Next, we write 

W{x) v^iy)f(fM)r < C,{Mx)\Pa^{y)r + KivWiJaiyW)- 
By Hedberg's lemma, we also have 

/ < ^{\v^ix)\PM{7jP{x)+MK7jP{x)). 

M\Bi(x) 

We conclude that 



<C,p^'-^^P{MK\ix)yMifjnx) 

+ ^{\v^{x)\PM{7jP{x) + M\vJJP{x)). 
Minimizing the right hand side with respect to p, we then get 

f\Va{x)-Va{y)\P J 

J |a;_y|l+<Tp UaW; 
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Thus, 

(2-3) / /(/J^))'^ ''|l'l,|i:y'' (7.(^))^dxdy 



<C5 ilJ{M\vX'{MifJ^y{KfMifJP + MKfS) 



Let — = — and J- = Y] — , so that by assumption, 

— " p — 1 p — a+1 

1 o- I - a- 1 1 



9„ ''a P 



—a 



By Holder's inequality, 



<ll/Jli..(M)ll>^l<IIII^=(«)ll-a|litS)ll(-^(/J^)'^^llL..(E 

We estimate the right hand side as follows. By Holder's inequality, 

a-l 

\\IJ\l3^{R) < n lk/3||L«/3(E). 
13=1 

Since > 1, by the Maximal theorem |31l Chapter 1, Theorem 1], 

I1A^I<IIIl.-.(r) <C6||<IU..(R). 

Since q^/p > 1, by the Maximal theorem and by Holder's inequality, 

\\iM(f^r)'^n\L^.iM) - ll>'(7a)^ll^i:/P(„) 
< C'7||(/Q)^||^i^/p(jj,) 

= C'7||/Q||L^a(R) < Yl 1 1^/3 Hi''' (K)- 

Combining these estimates we get 



/3=1 



Similarly, 



13=1 



Therefore, by (1^ . 



/3=1 

In view of the triangle inequality (|2.2p , we have the conclusion in dimension m = 1 . 
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When m > 1, we reduce the problem to the one dimensional case using the 
estimate [U Lemma 7.44] 

i i 

i / /• /• I n ^'"(a; + tej) - n . i/p 

[ v.] ^^'T.[J J — ^TT^ d. j , 

where (ei, . . . , em) is the canonical basis of R™. 

We only estimate the first term of the sum in the right hand side. We write any 
X G R™ as a; = {xi,x') G R x R™~^. For x' G R™"^, we apply the case m = 1 to 
the function xi G R t— )■ Va{xi, x'). This gives 



I n Va{xi + t, x') ~ n Va{xi,x') 
a—1 a— 1 



l\\P 

dt dxi 



a=l ^ 13=1 

Integrating both sides with respect to x' over R™~^, we obtain by Fubini's theorem, 

■i i 
n Va{x + tei) - n Va{x)\^ 

dt dx 



< 



c^iz f ^«(-,:^')iii\"4^ii5it'.(-,x')iiiL(K) n ik/3(-,^')ii^.(M)d^'- 

^ 1 a 1 



"=1r"- 1 g=i 

Using Holder's inequality with exponents ^ and ^ for P ^ a, we get the 

desired result. □ 

For p > 1 , there is an alternative proof of Lemma 12.91 using the Triebel-Lizorkin 
spaces FipiW^), based on the imbedding of the product of functions in such spaces. 
By the Gagliardo-Nirenberg interpolation inequality [7, Lemma 3.1: 125|. 

with 

1 1 - cr cr 



Set Qa 

Since for every a G {1, . . . , i}, 

— +> — = + — +> — = 

Sa qp Qa Ta qp P 

P=£a P^a 

if p > 1, then it follows that ^ p. 345] 

a=l 

Proof of Proposition \2.b\ By continuous extension of functions in Sobolev spaces 
to the whole space, it suffices to establish the estimate on R™ instead of Q™. By 
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the chain rule and by the triangle inequality, we have for x,y G M™, 
\D\7^ou)ix)~D\T^ou)iy)\ 

k 

^^lE E \D'ri(u{x))[D'-u{x),...,D'^u{x)] 

i=l l<ti< - <ti<k, 
tlH \-ti=k 

Given 1 < ti < ■ ■ ■ < ti < k such that ti + ■ ■ ■ + ti = k, by the triangle inequality 
we have 

\D'r,iu{x))[D''uix), D'^uix)] - D\{u{y))[D'' u{y) , D'^u{y)] \ 

< Ft,^...,ti{x,y) + Gt,,...^u{x,y) 

with 

Ft,,...,uix,y) = \D'v{u{x)) - D'rj{u{y))\\D''u{x)\ ■ ■ ■ \D'^u{x)\ 

and 

Gt,,...,u{x.y) = \D'ri{u{y))\\D^^u{x) ®---® D*^u{x) - D''u{y) «) • • • ® D*^u{y)\. 
The notation ® is used in the following sense: if = (/^, . . . , /„) : (R™)*° — ^ R"^ is 

i 

a ta-linear transformation for a G then /i €5 ■ • • (S* /i is the ( ^ tQ,)-linear 

transformation 

i 

a=l 

Thus, 

D'^P{'nou){x) 

*iH hti=fc *™ 

We have 

/ %"-yP+}p = {D'-^'iD'v ° u)ix)Y\D'^uix)f ■ ■ ■ \D'^u{xW. 
By Lemma 

{D^-PiD'Tj o < C2{M\D{D'ri o (x))''(7W|i:i'7? o 

Moreover, for every i e {1, . . . , fc}, 

|i:)(i:»*7/o-u)| < [?7]c.fe+i(R„)|D-u| and \D''-q o u\ < [^f^c''{R")■ 
Y{en.ce, 

(f; 

<C2[vVc-+.^^.^Ml7,'l^.^iM\Du\P{xp 
Since Du G i*^'(]R'™) and s > 1, by the Maximal Theorem we have 

M\Du\P e L"(M™). 
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By Holder's inequality it follows that 

{M\Du\P) ' \D*'u\ ■ ■ ■ \D''u\ e LP (R"). 

Next, 

If ti = k. then i — 1 and this estimate becomes 



(/ 



By assumption on u, the right-hand side belongs to LP(R'"). 

If ti < k, then each component of D*'^u(E) • • • ® D*'u is the product of i functions 
vt,,.. .,vt, with vt^ e L^(]R™) and Dvt^, E Lt^tt(M™). Then, by LemmaHH we 
get 

D^^PiD^^u ® • • • ® D^'u) e LP(R"'). 
The proof of the proposition is complete. □ 

3. Strong density 

We rely on an averaging argument due to Federer and Fleming pi7lll8| based on 
the following observation: 

Lemma 3.1. Let u : Q™ —J' R"^ he a measurable function. For every measurable 
function f : — s> M and for every Borel measurable set E C R"^, 



\f{x)\Axdi^'H^{E)\\f\UHQ-y 
K" «-i(£;+4) 

We shall apply this lemma with E = 11^^ (A') where K C is a compact set 
and n : A^" + ~^ N"^ is the nearest point projection. In this case, by the coarea 
formula we have 

WiE) < CWiK). 
Proof. We may assume that / is a noimegative function. For every ^ G R"^, 

f{x)dx= / f{x)xEiuix)-^)dx. 



By Fubini's theorem, 

f{x)dxd^^ J f{x)(^J XE{u{x)-Od(^ dx. 

Using the change of variable z — u{x) — ^ with respect to ^, we get 
f{x)dxdC^ I f{x)(^J XE{z)dz^ dx 

u-^{E+i) Q" R" 



f{x)n''iE)dx ^n^iE) J f{x)dx. 

This gives the conclusion. □ 
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Proof of Theorem\^ Given u £ W^^^p(Q™; iV"), the restriction to Q™ of the maps 
G W'''P{QT+^;N") defined for x G QT+y by u-f{x) = u{x/{l + 7)) converge 
strongly to u in W'^'P{Q"^; N"^) when 7 tends to zero. We may thus assume that 
u G W'PiQT+y-^N"). 

Let iy9 : K™ ^ M be a smooth moUifier such that suppi^s C Q™. For every 
< t < 7, the convolution (pt*u is well-defined and converges to u in W'''P{Q"'^; R^) 
as t tends to zero. 

The nearest point projection 11 onto N" is well-defined and smooth on N" + 
for some t > 0. Let H : — > R"^ be a smooth extension of the projection 11 to R". 
The image of this map H need not be contained in N"^ . 

For every ^ G , we consider the map -.W W defined for every x G R" 

by 

p^{x)^n{x-0- 

There exists < 5 < t such that for every ^ G i?^, the map P^|jv" : is a 

smooth diffeomorphism. Given a smooth map 77 : R'' — > N" and ^ G Bg , let 

Our goal is to approximate w by a family of maps of the form 

m ° i'Pt * u), 

for some ^ G Bg and < < < 7. By the triangle inequality, 

(3.1) \\r]^o{ift*u)~u\\ws.p(^Q,„.) 

< ||77^ o {ift * u) - 775 o uWw'.piQ^) + °u- u\\w^.p{Qrr^)- 

Since 77^ is a smooth map and (pt * u converges to u in R"), by the 

property of continuity of maps in W^'^ C\ L°° under composition [71 Theorem 1.1'; 
[211 Theorem], for every ^ G B^, 

(3.2) lim ||77^ o {Lpt * u) - 775 o tt||^.,p(Q„) = 0. 

In view of p.ip . we need to control the quantity 

\\ri(^ou-u\\w^.p{Q^) 
for some suitable ^ G S^. We start with the following: 

Claim. There exists a nonnegative function F G L^{Q"^) depending on s, p, m and 
u such that for every ^ G , 

Proof of the claim. By definition of the W'^'^ norm, 

k 

when s is an integer, we disregard the last term. 
Since the map u is bounded, 

(3.3) ||?74 OU- ■ti||LP(Q'") = he ° M - u||lp({,750u#«}) < Cl'H"({775 o u ^ u}). 

Moreover, for every j G {1, . . . , fc}, 

||D-'(77^ ou) - i:)^u||iP(Q,„) = \\D^ {r^^ o u) - D^u\\ LP {{r^^ou^u}) 

< \\D^{t]^ °u)\\LP{{rj^ou^u}) + \\D^u\\LP({r,i:Ou^u})- 
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Since u G W''P{Q'^;W) n L^{Q"^;W), by the Gagliardo-Nirenberg interpolation 
inequality [3 Corollary 3.2], u e W^^''p{Q"' ;]&."). By Proposition [131 there exists 
a function Gj 6 LP{Q"^) independent of 77^ such that 

(3.4) \\D^r]^ou)~D^u\\LP(_Q..) < [Vi]cHm-)\\Gj\\Lp{{viOu^u}} + \\D^u\\Lp{{viOu^u})- 
If s is non-integer, then 

\\D''P{Vi o u - u)|Up(q™) < 2'/P\\D''P{f^^ o u - ^i)|Up({,,o„^„}) 

By Proposition 12.61 there exists H E LP{Q"^) independent of 77^ such that 

(3.5) \\D''^P{rj^ou-u)h.(Q^) 

< 2^/P([77^]Jfe+i(jj,.^)[774]J.^^jj„j||i/||LP({^^o«#«}) + \\D'''''u\\Lp{{n^ou^u}))- 
Combining estimates p.3p . p. 411 and p.Sp . we conclude that 



Hys,p(Q,„-) _ L'/tJc"'+i(R'-)L'/J;Jc'=(R") 

with 

F = C2 (^1 + ^(GP + |i?%|P) + HP + iD''Pu)P^ . 

This proves the claim. □ 
Let K C iV" be a compact set such that for every x € iV" \ i^, 

(3.6) rj{x) = X. 

If a; £ is such that ri^{u{x)) ^ u{x) for some ^ G i?^, then 

^^^^(x)) = n(w(x) - e 

whence x e u^^(n^^(i^) + ^). In other words, for every ^ G _B^, 

(3.7) {?75ou^u}cu-i(n-i(i^)+0- 
Thus, from the previous claim, 

«-i(n-i(_fs:)+c) 



Jc'=+i(K'')^'Jc' 

«-i(n-"i(K)+?) 

for some constant C3 > independent of ^. By Lemma |3. 11 we get 

h« °^-"irvF=..(Q".)de < G3M^^.+,(^„)Mgr(^/)H'^(n-i(/0)||F|Ui(Q. 

Since 

H'^(n-i(i^)) < cjr{K), 

we conclude that 

h« ° u - de < G5M^^.+,(j,,.)M(.\-;l';H"(i^)iiFiu.(Q™). 

Let < e < 1. Since iV" is [spj simply connected, by Proposition 12.11 there 
exists a smooth map 77 satisfying (|3.6p for some compact set if C A^" such that 

(3.8) H'^iK) < CgeL^PJ+i 
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and for every j G + 
Thus, 

(3.9) J he o u - de < Cse^^Pi+'-^P. 

Since sp < [spj + 1, we can thus find a smooth map rj — rj^ and ^ = G Bg 
such that 

By (j3.2p . for every < e < 1 there exists < < j such that 
lini ||7/£,5^ o {(pt^ *u) - 7j^,^^ o u\\w,p(Q^-) = 0. 

Thus, by the triangle inequality p.ip . 

This completes the proof of Theorem |4l □ 

4. Weak density 

We prove a more precise version of Theorem [5] 

Theorem 7. Let s > 1. If sp < m is such that sp e N and if N" is sp — 1 
simply connected, then for every u G Vl^*'^'((5™; TV") there exists a sequence (ui)igN 
in C°°(Q^;N'') such that 

(i) (?^i)ieN converges in measure to u, 

(ii) for every j G {1, . . . , k}, (Z?-'ui)igN converges in measure to D^u, 
{Hi) for every i G N, 

\\u^\\w'.r^(Q^) < C, 

for some constant C > depending on s, p, m, \\u\\\iYs.p(Q^) o-nd . 

Proof. We explain what should be changed in the proof of Theorem Since A^" 
is now merely sp — 1 simply connected, the map r/ may be chosen so that ri{x) — x 
on N" \ K, where the compact set K satisfies 

(4.1) 7^"(i^) < Cie'P. 

By inclusion (13.71) . by Lemma [XT] and by property (|4.ip . 

J H"'{{v^ou / u}) d^< J K"'{u-\U-\K)+0) < C27^"(if)7^™(Q™) < Cse'P. 

Replacing p.Sp by (|4.ip . estimate (|3.9p becomes 

h? °"-w||^s,p(Q,„)dC < C4. 



Thus, for every < e < 1 there exists a smooth map r] — rj^ and ^ = G -B^ such 
that 

and 

As in the proof of Theorem |4l for every < e < 1 we find < < 7 such that 
(4.2) Irm \\ric,i, ° {Vt, * u) - ry^,^^ o u\\w=.p{q^^) = 0. 
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Thus, by the triangle inequahty, 

Note that i]^,^^ o u and u as weh as their derivatives up to order k coincide almost 
everywhere on {»75,,£ o u = u\. Combining 

limH"({77e,5, ou=^it}) =0 

and (j4.2p . we deduce the convergence in measure of rj^^^^ o [ipi^ *u) and its derivatives 
as e tends to zero. This completes the proof of Theorem |6l □ 
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